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Abstract
In three-dimensional gravity, we discuss the relation between the Fefferman–Graham gauge, the Bondi
gauge and the Eddington–Finkelstein type of gauge, often referred to as the derivative expansion, involved
in the fluid/gravity correspondence. Starting with a negative cosmological constant, for each gauge, we
derive the solution space and the residual gauge diffeomorphisms. We construct explicitly the diffeomor-
phisms that relate the various gauges, and establish the precise matching of their boundary data. We show
that Bondi and Fefferman–Graham gauges are equivalent, while the fluid/gravity derivative expansion,
originating from a partial gauge fixing, exhibits an extra unspecified function that encodes the boundary
fluid velocity. The Bondi gauge turns out to describe a subspace of the derivative expansion’s solution
space, featuring a fluid in a specific hydrodynamic frame. We pursue our analysis with the Ricci-flat limit
of the Bondi gauge and of the fluid/gravity derivative expansion. The relations between them persist in
this limit, which is well-defined and non-trivial. Moreover, the flat limit of the derivative expansion maps
to the ultra-relativistic limit on the boundary. This procedure allows to unravel the holographic properties
of the Bondi gauge for vanishing cosmological constant, in terms of its boundary Carrollian dual fluid.
∗Centre National de la Recherche Scientifique, Unite´ Mixte de Recherche UMR 7644.
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1 Introduction
Three-dimensional vacuum Einstein gravity is a topological theory that provides an appropriate framework
for addressing relevant questions about gravity. In this theory, physically different solutions of Einstein
equations are labelled by their asymptotic charges, computed after specifying a set of boundary conditions.
The latter are important because their choice also dictates the associated asymptotic symmetries, and are
set up in practice by specifying a particular gauge.1 Consequently, the study of different gauges – and of
their relationships – becomes of primary importance.
Depending on the problem one is addressing, different gauge fixings may be better suited. In the present
work, we will focus on the Fefferman–Graham gauge, the Bondi gauge and the fluid/gravity derivative
expansion.
• Bondi gauge. Introduced in [22–24] for asymptotically flat spacetimes, it was revitalised in recent
years due to a renewed interest in the symmetries of asymptotically flat spacetimes [25–27] and
in particular for their connections with soft theorems and memory effects [28–34]. This gauge is
implemented on a null direction, which makes it suited for the study of gravitational waves in higher
dimensions. The Bondi gauge was also used to study asymptotically anti-de Sitter spacetimes and
their flat limit in [35, 36], where a specific set of boundary conditions was used. In [37–39] (see
also [40]), less stringent conditions have been considered on the boundary geometric data allowing
asymptotically locally anti-de Sitter and asymptotically locally flat spacetimes in four dimensions.2
• Fefferman–Graham gauge. This gauge was defined in [41, 42], and has been extensively used in
holography [43,44]. It exhibits a radial direction (the holographic direction) parametrizing a family of
time-like hypersurfaces, and radial evolution interpreted as the renormalization flow of the boundary
theory. The bulk metric induces a conformal class of metrics and an energy–momentum tensor on
the boundary.3 The relationship between the Bondi and Fefferman–Graham gauges has been worked
out for four-dimensional asymptotically locally AdS spacetimes in [37,38].
• Fluid/gravity derivative expansion. This is an Eddington–Finkelstein type of gauge, which appears
in the fluid/gravity correspondence. The latter set originally a relationship between boundary con-
formal relativistic fluids and bulk Einstein spacetimes [46–50], and its name is borrowed from the
derivative expansion used in the constitutive relations of fluid dynamics. The fluid/gravity derivative
expansion (derivative expansion for short) has been systematically studied beyond perturbation (i.e.
in resummed forms) for anti de Sitter in [51–55], and later generalized towards asymptotically flat
spacetimes in three and four dimensions [56,57]. It is implemented using a null bulk congruence, as is
the Bondi gauge, though in a rather boundary-to-bulk spirit. It provides thus a concrete interpreta-
tion of the boundary data in terms of relativistic or more exotic Carrollian fluids, for asymptotically
anti-de Sitter or flat spacetimes.
Our aim is here to deliver a comprehensive review of three-dimensional asymptotically locally AdS
and asymptotically locally flat spacetimes. The presentation takes a slightly different and complementary
perspective than the work [58], following the pattern gauge-fixing, asymptotic behavior, solution space and
1See e.g. [1–7] and [8–21] for gauge-independent and gauge-dependent approaches, respectively.
2Here and in the following, “locally” means that the boundary-metric data are unspecified.
3See [45] for an explicit Weyl-covariant enhancement of this gauge.
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its variation, and residual diffeomorphisms. We build the coordinate transformations relating the above
gauges, and set the precise dictionary between their solution spaces. A thorough description would require
the computation of the associated surface charges, for which we set the stage.
In this analysis, we demand mild falloffs in order to allow for a conformal compactification. This minimal
requirement is important in the spirit of finding the biggest solution space allowed for each gauge, including
all possible arbitrary data with the most general corresponding asymptotic symmetries. Of course, our
approach is meant to embrace restricted cases with stronger boundary conditions, as those studied in the
quoted literature.
Performing the proposed study, and exhibiting the concrete diffeomorphisms that relate the various
gauges is useful from several viewpoints. Firstly, these tools are necessary for comparing solution spaces,
asymptotic symmetries, and ultimately surface charges. Secondly, they reveal alternative interpretations
to the associated data. In particular we will see through the comparison between the Bondi gauge and
the derivative expansion, how to interpret the Bondi data in terms of the boundary relativistic conformal
fluid. For example the bulk Bondi angular-momentum aspect turns out to be related to the boundary-fluid
heat current, whereas the Bondi mass is encoded in its energy density. Lastly, this approach supplies
the right frame for considering the flat limit – whenever it is regular. This bulk limit induces an ultra-
relativistic limit on the boundary,4 which allows for a holographic description of the flat Bondi data.
In the fluid/gravity language, this description relies on Carrollian hydrodynamics, along the lines devel-
oped in [73]5 and successfully applied in [56, 57] for making a step further in grasping asymptotically flat
holography.6
In section 2, we define the gauges at hand in locally AdS3 spacetime, derive their general solution space,
determine the residual gauge diffeomorphisms and work out the variations of the solution space. From this
analysis, we observe that the solution spaces of Fefferman–Graham and Bondi gauges are parametrized by
five functions, while the derivative expansion requires six functions. The additional function encodes the
boundary-fluid velocity. The velocity of a relativistic fluid is admittedly redundant [91, 92] and its choice
defines a hydrodynamic frame. The explicit appearance of the latter in the solution space, already analyzed
in [57] in relation with the conserved charges, shows that the corresponding redundancy is at best local.
Notice that even locally, the choice of hydrodynamic frame is bound to each specific physical situation.
This feature has been discussed in the recent literature [93–96].
In section 3, we design the diffeomorphisms relating these gauges. This allows to match explicitly the
solution spaces and the residual gauge diffeomorphisms, extending thereby to three dimensions the results
of [38] for Bondi and Fefferman–Graham. In particular, we show that the Bondi gauge appears as a sub-
gauge of the derivative expansion, associated with a specific fluid frame. As anticipated, this endows the
Bondi data with a fluid holographic interpretation.
In section 4, we focus on the Ricci-flat limit of the results established earlier for the Bondi gauge and the
derivative expansion. Both admit a smooth limit, where the time-like boundary becomes null [35,36,56,57],
as opposed to the Fefferman–Graham gauge. Furthermore, although the flat limit is straightforward in
Bondi gauge, for the derivative expansion one needs to carefully define the behavior of the boundary fluid
4Mathematical and physical queries on the ultra-relativistic limit, dubbed Carrollian, started with the work of Le´vy–
Leblond [59], and gain attention over the recent years, often in conjunction with its dual Galilean counterpart [60–72].
5Other methods for generalizing hydrodynamics on non-relativistic spacetimes can be found e.g. in [74–78].
6See for instance [79–90] for related work.
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data at vanishing velocity of light. This is performed along the lines discussed in [56,57,73], and guarantees
that the bulk line element remains finite. As for AdS3, the Bondi gauge is retrieved as a sub-gauge of a
Ricci-flat fluid/gravity derivative expansion originally introduced in [56,57].
This work is accompanied with the Mathematica notebook Appendix.nb, which gathers some lengthy
expressions of the coordinate transformations discussed in section 3.
2 Anti-de Sitter Gauges
In this section we describe the advertised gauges, following a systematic pattern: we firstly define the
gauge-fixing conditions for the metric, then we analyze the solution space of Einstein equations, and finally
the variation of the latter under residual gauge diffeomorphisms.
2.1 Fefferman–Graham
The Fefferman–Graham description of asymptotically anti-de Sitter spacetimes is well-known [41,42]. We
report it for completeness and for later comparison with the other gauges.
Definition
In the Fefferman–Graham gauge, [41,42], the metric is given by
ds2 =
`2
ρ2
dρ2 + gab(ρ, x)dx
adxb, (1)
with coordinates (ρ, xa), xa = (t, φ). The boundary is located at ρ = 0 and ` is the AdS radius. The three
gauge-fixing conditions are
gρρ =
`2
ρ2
, gρa = 0. (2)
Residual gauge diffeomorphisms ξ, namely diffeomorphisms that preserve the gauge-fixing conditions
(2), satisfy
Lξgρρ = 0, Lξgρa = 0. (3)
The explicit solution of these equations is given by
ξρ = ρσ(x), ξa = ξa0(x)− `2∂bσ
∫ ρ
0
dρ′
ρ′
gab(ρ′, x), (4)
where σ(x) and ξa0(x) are arbitrary functions of x
a.
4
Solution space
We impose the preliminary boundary condition gab = O(ρ−2). Solving the three-dimensional Einstein
equations leads to the analytic finite expansion
gab(ρ, x) = ρ
−2g(0)ab (x) + g
(2)
ab (x) + ρ
2g
(4)
ab (x), (5)
where g
(4)
ab is determined by g
(0)
ab and g
(2)
ab as
g
(4)
ab =
1
4
g(2)ac g
cd
(0)g
(2)
db . (6)
Einstein’s equations leave g
(2)
ab unspecified up to its trace Tr
[
g(2)
]
= − `22 R(0) and the dynamical constraint
Da(0)g
(2)
ab = − `
2
2 g
(0)
ab D
a
(0)R
(0). Here, Da(0) is the covariant derivative with respect to g
(0)
ab and indices are
lowered and raised by g
(0)
ab and its inverse. In the spirit of [43, 44], we define the holographic energy–
momentum tensor
Tab =
1
8piG`
(
g
(2)
ab − g(0)ab Tr
[
g(2)
])
=
1
8piG`
(
g
(2)
ab +
`2
2
g
(0)
ab R
(0)
)
. (7)
Therefore the Einstein equations infer
Ta
a =
c
24pi
R(0), Da(0)Tab = 0, (8)
where c = 3`2G is the three-dimensional Brown–Henneaux central charge [97,98].
The solution space is thus characterized by five arbitrary functions of xa. Three are in the symmetric
tensor g
(0)
ab and two in the symmetric tensor Tab with constrained trace. These data are subject to two
dynamical equations given by Da(0)Tab = 0.
Variation of the solution space
The residual gauge diffeomorphisms (4) evaluated on-shell are given by
ξρ = σρ, ξa = ξa0 −
ρ2
2
gab(0)`
2∂bσ +
ρ4
4
gac(0)g
(2)
cd g
db
(0)`
2∂bσ +O(ρ6). (9)
Under these residual gauge diffeomorphisms, the unconstrained part of the solution space transforms as7
δξg
(0)
ab = Lξ0g(0)ab − 2σg(0)ab , (10)
while the constrained part transforms as
δξg
(2)
ab = Lξ0g(2)ab −
`2
2
L∂σg(0)ab , (11)
7Our convention for the variation δξ is the opposite of that used in [58].
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from which one can extract the variation of Tab.
A consistent boundary condition (that we will not impose in the subsequent developments), often used
in the literature, is the Brown–Henneaux [98] condition: the boundary metric is frozen to be the flat metric
g
(0)
ab = ηab. When imposing this condition we recover the usual aymptotic symmetry group in AdS3, i.e.
the conformal group. Indeed, (10) becomes
δξηab = Lξ0ηab − 2σηab = 0. (12)
Tracing this last equation enables us to write σ in terms of ξ0. Therefore the symmetry algebra is uniquely
specified by a vector ξ0 that belongs to the boundary conformal algebra. Using this phase space, one can
compute the associated surface charges and their algebra to deduce the Brown–Henneaux central charge.
2.2 Bondi
The Bondi gauge has been studied in e.g. [25, 26]. We extend the analysis to asymptotically locally AdS
spacetimes, including the boundary metric in the solution space. Similar results were obtained in four
dimensions [38].
Definition
In the Bondi gauge [22–24,26,35], the metric is given by
ds2 =
V
r
e2βdu2 − 2e2βdudr + r2e2ϕ(dφ− Udu)2, (13)
with coordinates (u, r, φ). In this expression, V , β and U are functions of (u, r, φ), and ϕ is function of
(u, φ). The three gauge-fixing conditions are
grr = 0, grφ = 0, gφφ = r
2e2ϕ. (14)
Note that gφφ = r
2e2ϕ is the unique solution of the determinant condition
∂r
(gφφ
r2
)
= 0, (15)
which can be generalized to define the Bondi gauge in higher dimensions.
The residual gauge diffeomorphisms ξ preserving the Bondi gauge fixing (14) have to satisfy the three
conditions
Lξgrr = 0, Lξgrφ = 0, gφφLξgφφ = 2ω(u, φ). (16)
The explicit solution of these equations is given by
ξu = f, (17)
ξφ = Y − ∂φf e−2ϕ
∫ +∞
r
dr′
r′2
e2β, (18)
ξr = −r[∂φξφ − ω − U∂φf + ξφ∂φϕ+ f∂uϕ], (19)
where f(u, φ), Y (u, φ) and ω(u, φ) are arbitrary functions of (u, φ).
6
Solution space
This following analysis of the general solution space in the gauge at hand generalizes the results of [26].
There is no need of imposing any preliminary boundary condition here. This is in contrast with the
procedure followed in the Fefferman–Graham gauge. Therefore, in three dimensions, the gauge conditions
(14) are to some extent stronger than those imposed for defining the Fefferman–Graham gauge (2).
First we impose the Einstein equations leading to the metric radial constraints. Solving Grr − 1`2 grr =
Rrr = 0 gives
β = β0(u, φ). (20)
Next, the equation Grφ − 1`2 grφ = Rrφ = 0 leads to
U = U0(u, φ) +
1
r
2e2β0e−2ϕ∂φβ0 − 1
r2
e2β0e−2ϕN(u, φ). (21)
Finally, Gur − 1`2 gur = 0 gives
V
r
= −r
2
`2
e2β0 − 2r(∂uϕ+DφU0) +M(u, φ) + 1
r
4e2β0e−2ϕN∂φβ0 − 1
r2
e2β0e−2ϕN2, (22)
where DφU0 = ∂φU0+∂φϕU0. Taking into account the previous results, the Einstein equation Gφφ− 1`2 gφφ =
0 is automatically satisfied at all orders.
We now solve the Einstein equations in order to obtain the time evolution of M and N . The equation
Guφ − 1`2 guφ = 0 provides
(∂u + ∂uϕ)N =
(
1
2
∂φ + ∂φβ0
)
M − 2N∂φU0 − U0(∂φN +N∂φϕ)
+4e2β0−2ϕ[2(∂φβ0)3 − (∂φϕ)(∂φβ0)2 + (∂φβ0)(∂2φβ0)]. (23)
Moreover, Guu − 1`2 guu = 0 imposes
∂uM = (−2∂uϕ+ 2∂uβ0 − 2∂φU0 + U02∂φβ0 − U02∂φϕ− U0∂φ)M + 2
`2
e4β0−2ϕ[∂φN +N(4∂φβ0 − ∂φϕ)]
−2e2β0−2ϕ{∂φU0[8(∂φβ0)2 − 4∂φβ0∂φϕ+ (∂φϕ)2 + 4∂2φβ0 − 2∂2φϕ]− ∂3φU0
+ U0[∂φβ0(8∂
2
φβ0 − 2∂2φϕ) + ∂φϕ(−2∂2φβ0 + ∂2φϕ) + 2∂3φβ0 − ∂3φϕ]
+ 2∂u∂φβ0(4∂φβ0 − ∂φϕ) + ∂u∂φϕ(−2∂φβ0 + ∂φϕ) + 2∂u∂2φβ0 − ∂u∂2φϕ}. (24)
The solution space is thus characterized by five arbitrary functions of (u, φ), given by β0, U0, M , N , ϕ,
with two dynamical constraints expressing the time evolution of M and N . This agrees with the results
obtained when solving the Einstein equations in the Fefferman–Graham gauge. The precise matching
between the two solution spaces will be established in section 3.1.
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Variation of the solution space
The residual gauge diffeomorphisms (17–19) evaluated on-shell are given by
ξu = f, (25)
ξφ = Y − 1
r
∂φf e
2β0−2ϕ, (26)
ξr = −r[∂φY − ω − U0∂φf + Y ∂φϕ+ f∂uϕ]
+e2β0−2ϕ(∂2φf − ∂φf∂φϕ+ 4∂φf∂φβ0)−
1
r
e2β0−2ϕ∂φf N. (27)
Under these residual gauge diffeomorphisms, the unconstrained part of the solution space transforms as
δξϕ = ω, (28)
δξβ0 = (f∂u + Y ∂φ)β0 +
(
1
2
∂u − 1
2
∂uϕ+ U0∂φ
)
f − 1
2
(∂φY + Y ∂φϕ− ω), (29)
δξU0 = (f∂u + Y ∂φ − ∂φY )U0 −
(
∂uY − 1
`2
e4β0e−2ϕ∂φf
)
+ U0(∂uf + U0∂φf), (30)
while the constrained part transforms as
δξN = (f∂u + Y ∂φ + 2∂φY + f∂uϕ+ Y ∂φϕ− ω − 2U0∂φf)N +M∂φf − e2β0−2ϕ[3∂2φf(2∂φβ0 − ∂φϕ)
+∂φf(4(∂φβ0)
2 − 8∂φβ0∂φϕ+ 2(∂φϕ)2 + 2∂2φβ0 − ∂2φϕ) + ∂3φf ], (31)
δξM =
4
`2
∂φfe
4β0−2ϕN + (∂uf + f∂uϕ+ ∂φY + Y ∂φϕ− ω)M − 2e2β0−2ϕ
[
2∂2φf∂uβ0 + 4∂u∂φf∂φβ0 + ∂u∂
2
φf
+∂2φf∂φU0 + 8∂
2
φf∂φβ0U0 + ∂φf
(
(4∂φβ0 − ∂φϕ)(2∂uβ0 − ∂uϕ) + 4∂u∂φβ0 + ∂φU0(8∂φβ0 − 2∂φϕ)
−∂2φU0 − 2∂u∂φϕ+ U0(−4∂φβ0∂φϕ+ 8(∂φβ0)2 + 4∂2φβ0 + (∂φϕ)2 − 2∂2φϕ)
)
− 2∂2φfU0∂φϕ+ ∂3φfU0
−∂u∂φf∂φϕ− ∂2φf∂uϕ− 2f∂φβ0∂u∂φϕ+ 2∂φβ0∂φω − 2∂φβ0∂φY ∂φϕ− 2∂φβ0∂2φY − 2∂φβ0Y ∂2φϕ
]
+f∂uM + ∂φMY. (32)
These are the most general variations of the solution space in Bondi gauge. They are key ingredients in
the computation of the asymptotic charge algebra.
The conformal group is also obtained when imposing boundary conditions on the Bondi gauge in AdS.
The Brown–Henneaux boundary condition g
(0)
ab = ηab is translated in Bondi gauge to
ϕ = 0, β0 = 0, U0 = 0. (33)
The first one fixes ω to be zero, the second and third ones lead to two equations on f and Y
∂uf = ∂φY, ∂uY =
1
`2
∂φf. (34)
The asymptotic symmetry algebra is therefore uniquely specified by a vector ξ0 = f∂u + Y ∂φ that belongs
to the conformal transformations of the flat boundary metric.
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2.3 Derivative Expansion
The fluid/gravity method for building Einstein spacetimes is not so different in spirit compared to Bondi’s
approach. It is also an Eddington–Finkelstein type of gauge, not completely fixed though. Its solution
space is determined by six functions, showing that this metric contains one additional arbitrary function.
This means that the derivative expansion corresponds to a one-parameter family of true gauges, a particular
member being the Bondi gauge. The solution space is mapped onto the data of a boundary relativistic
fluid and the additional function is identified with the boundary fluid velocity. Since the boundary is two-
dimensional, the orthogonal space to the fluid velocity is the one-dimensional space spanned by the Hodge
dual of the velocity itself. The decomposition of tensors along these two directions, as already applied
in [57,99], is a convenient property in two dimensions.
Definition and solution space
The Eddington–Finkelstein type of gauge of the fluid/gravity holographic correspondence, the derivative
expansion, is named after the standard derivative expansion used in fluid dynamics. The latter consists
in expressing the various dissipative and non-dissipative quantities entering the relativistic-fluid energy–
momentum tensor, as expansions in increasing derivative order of the fluid velocity (here ua, normalized
as uag˜abu
b = − 1
`2
), the temperature and the chemical potentials (when extra currents are present). These
are the fluid constitutive relations. In the original fluid/gravity correspondence, the bulk Einstein metric
associated with a boundary relativistic fluid was set up order by order in inverse powers of the holographic
coordinate r, which is a null radial coordinate [46–49]. The coefficients of this expansion were derivatives of
the fluid fundamental fields (velocity, temperature and chemical potentials) of increasing order,8 designed
to ensure the invariance of the line element with respect to boundary Weyl transformations.
As just summarized, this version of the fluid/gravity correspondence is restrictive because the class of
Einstein spacetimes dual to fluid configurations is expected to be rather limited. In order to promote the
fluid/gravity correspondence onto a genuine generating procedure for arbitrary Einstein spacetimes, we
must set every quantity present in the energy–momentum tensor free and not determined by any sort of
constitutive relation, accounting therefore for non-hydrodynamic modes. The fluid velocity and energy
density, the heat current, the stress tensor, and the boundary metric become all arbitrary functions,
and these are the fundamental blocs that design the expansion in inverse powers of the radial light-like
coordinate, dictated by Weyl covariance [51–57, 94]. Calling this expansion a derivative expansion is a
misnomer, which persist for convenience.
In three dimensions, the most general line element expressed in the fluid/gravity derivative expansion,
along the lines of generalization stated above spells as follows:
ds2 = 2`2uadx
a(dr + rAbdx
b) + r2g˜abdx
adxb + 8piG`4uadx
a(εubdx
b + χ ? ubdx
b), (35)
where xa = (x0, φ) = (u` , φ). Since the boundary is two-dimensional, there exists a unique transverse
8More precisely, the starting point of the fluid/gravity advent was the exact Einstein spacetime generated by a boosted black
brane. From there, new solutions were reached perturbatively, corresponding to filling tubes centered around the elements
of an Eddington–Finkelstein null radial congruence [46]. The coefficients of this expansion were interpreted in terms of a
boundary-fluid derivative expansion.
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direction to ua, spanned by the boundary Hodge dual ?ua = ηabu
b.9 The various boundary tensors
appearing in this line element are associated with the boundary fluid. In particular
Aa = `
2(ub∇˜bua − ∇˜bubua) = `2(Θ? ? ua −Θua), (36)
where we introduced the expansion of the fluid velocity Θ = ∇˜aua and of its dual Θ? = ∇˜a ? ua. The
vector Aa can be interpreted as a Weyl connection [50], whereas ε and χ are the fluid energy density and
heat current density, respectively. The latter are the local-equilibrium thermodynamic quantities entering
the energy–momentum tensor of the boundary fluid:
Tab = 2`2εuaub + εg˜ab + τab + `2uaqb + `2ubqa. (37)
In this expression qa = χ ? ua and τab = `
2τ ? ua ? ub are the dissipative tensors.
The metric (35) was declared to be the most general in the following sense. According to the general
pattern described earlier, for designing the fluid/gravity line element we use the fundamental blocks g˜ab, ua,
?ua, r, ε and χ, which have weights −2, −1, −1, 1, 2 and 2. Weyl covariance is the guiding principle, but
the final selection of the Weyl-covariant coefficients is operated by Einstein’s equations involving the radial
direction. This is how one is led to (35), which is partly on-shell as metric (13) is in Bondi gauge, once (20),
(21) and (22) are taken into account. As already advertised, the fluid/gravity bulk reconstruction follows
closely the scheme of the Bondi gauge – particularly in three dimensions. It differs in the organisation
principle of the bare terms appearing in the off-shell metric, here related to the dual fluid.
Now, we must impose that (35) obeys the transverse (with respect to r) Einstein equations, and this
leads to the requirement that the boundary-fluid energy–momentum tensor satisfies
τ =
R˜
8piG
, ∇˜aT ab = −∇˜aDab, (38)
where we introduced the traceless tensor
Dab =
`4
8piG
[(
uc∇˜cΘ + ?uc∇˜cΘ? − 1
2`2
R˜
)
(uaub + ?ua ? ub)− 4 ? uc∇˜cΘ ua ? ub
]
. (39)
The fluid characterized by Tab evolves under the influence of a force −∇˜aDab. Projecting the equations of
motion (38) onto the velocity field and its dual, we obtain two scalar equations:
ua(∂a + 2Aa)ε+ ?u
a(∂a + 2Aa)χ =
`2
4piG
? ua(∂a + 2Aa)(?u
b∂bΘ− ub∂bΘ?), (40)
?ua(∂a + 2Aa)ε+ u
a(∂a + 2Aa)χ = 0. (41)
The solution space is parametrized by six arbitrary functions of xa. Three functions are encoded in
g˜ab, two are encoded in χ and  with time evolution captured in (40) and (41), and the last is in the
normalized fluid velocity u = uadx
a (in the following, we often take uφ as the arbitrary function and uu is
then completely determined through the normalization condition). Notice that there is one more arbitrary
function than in the Fefferman–Graham and Bondi gauges. This is due to the fact that the derivative
expansion provides only a partial gauge fixing [40]. The extra degree of freedom in the parametrization
9Our conventions are: ηab =
√−g˜εab with ε01 = +1 and ηab = − 1√−g˜ εab with ε01 = +1. Hence, ηabηbc = δac . Notice that
the convention for the Hodge dual differs from [57,58].
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of the solution space is the fluid velocity, as we will discuss in section 3. The hydrodynamic frame enters
therefore explicitly (and by essence) the fluid/gravity approach, as opposed to the other gauges, which
ignore the fluid. This latter fact does not imply that the fluid velocity is utterly unphysical. As established
in [57], one cannot dismiss the global outcome associated with the hydrodynamic frame, even though locally
the choice of the fluid velocity is arbitrary.
On-shell residual gauge diffeomorphisms
Since the derivative expansion is a partial gauge fixing, there is still an arbitrary function of (r, xa) in the
residual gauge diffeomorphisms [40]. In order to proceed, we start from the following ansatz:
ξa = ξa(0) +
1
r
ξa(1), ξ
r = rR+ V +
1
r
W, (42)
where ξa(0) = (F,Y), ξa(1) = (L,Z), R, V and W are functions of xa. The form of these vectors is motivated
by the expression of the residual gauge diffeomorphisms in the Bondi gauge (25-27) and the gauge matching
that will be established in section 3.2. The condition Lξgrr = 0 leads to
uaξ
a
(1) = 0 ⇐⇒ L = −
uφ
uu
Z. (43)
Now, consider the condition Lξgra = `2Ha where Ha are two functions of xa constrained by the fluid
velocity normalization δξ(g˜
abuaub) = 0, or, equivalently,
Lξ(0) g˜abuaub +
2
`2
R+ 2uaHa = 0 ⇐⇒ Hu = − 1
2uu
[Lξ(0) g˜abuaub +
2
`2
R+ 2uφHφ]. (44)
The requirement Lξgra|order 1 = `2Ha gives
ξ(1)a = `
2[Lξ(0)ua +Rua −Ha], (45)
while Lξgra|order 1/r2 = 0 yields
W = −4piG`2χξa(1) ? ua. (46)
The remaining order Lξgra|order 1/r = 0 does not impose further constraints on the parameters. Using
δξAa = Lξ(0)Aa−uc∇˜cξ(1)a +∇˜cξc(1)ua+∇˜cucξ
(1)
a −ξc(1)∇˜cua+∇˜aR, the condition Lξgab|order r = 2`2δξ(u(aAb))
gives
V = −∇˜aξa(1). (47)
Taking into account the previous results, the condition δξ[?u
a ? ub(gab|order 1)] = 0 is straightforwardly
satisfied. Similarly, using the equations of motion, Lξgab|order 1/r = 0 can be shown to be automatically
satisfied after a lengthy computation and using the equations of motion.
Hence, the family of residual gauge diffeomorphisms considered in (42) is given explicitly by
ξa = ξa(0) +
1
r
`2[g˜abLξ(0)ub +Rua −Ha], (48)
ξr = rR− ∇˜aξa(1) −
4
r
piG`2χξa(1) ? ua, (49)
where the two functions Ha = (Hu, Hφ) are constrained through (44).
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These diffeomorphisms are parametrized by four arbitrary functions of (u, φ) given by ξa(0) = (F,Y), R
and Hφ. Notice that there is an additional parameter Hφ compared to the residual gauge diffeomorphisms
of the Bondi gauge (25-27). This generates the one-parameter family of diffeomorphisms enabling to change
the fluid velocity. As we will see below, this is also the extra function needed to generate the diffeomorphism
between the Bondi gauge and the derivative expansion (78-80). Notice moreover that we can at any
moment set consistently uφ = 0 and Hφ = 0, and achieve the Bondi residual gauge diffeomorphisms. It is
thus already obvious that the Bondi gauge defines a particular fluid frame from the derivative expansion
viewpoint. We will elaborate on this later on.
Variation of the solution space
Under the residual gauge diffeomorphisms (48-49) the unconstrained part of the solution space transforms
as
δξ g˜ab = Lξ(0) g˜ab + 2Rg˜ab, (50)
δξua = Ha, (51)
while the constrained part transforms as10
δξχ = Lξ(0)χ− 2Rχ+ 2(?uaξ(1)a )ε−
1
4piG
[∇˜a(?ua∇˜cξc(1)) + `2uc∇˜cξa(1)uaΘ? +AbLξ(1) ?ub− ξc(1)∇˜cΘ?], (52)
δξε = Lξ(0)ε− 2Rε+ 2(?uaξ(1)a )χ+
1
4piG
[∇˜a(ua∇˜bξb(1)) + `2uc∇˜cξa(1)uaΘ +AaLξ(1)ua − ξc(1)∇˜cΘ˜], (53)
where ξ
(1)
a is expressed in (45) in terms of the gauge parameters. These two formulas are more compact
than the variations of N and M obtained in the Bondi gauge (32). We will show that the latter can be
obtained from (52) and (53) by setting uφ = 0 and using the appropriate dictionary between the two gauges
that we derive in the following section.
3 Gauge Matching
3.1 From Bondi to Fefferman–Graham
Coordinate transformation
Our aim is now to perform an explicit diffeomorphism relating the Bondi and Fefferman–Graham gauges.
This is useful, among other things, for connecting their solution spaces. Following [37, 38], we proceed in
two steps. We move firstly from Bondi to tortoise coordinates (u, r, φ)→ (t∗, r∗, φ∗),
u = t∗ − r∗, r = −` cot
(
r∗
`
)
, φ∗ = φ, (54)
10To obtain these variations, we have used various identities. In particular −uaub+?ua ?ub = 1`2 g˜ab, ⇒ ?ubLξ(1)ub = 0.
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and secondly to Fefferman–Graham (t∗, r∗, φ)→ (ρ, t, φ), with
t∗ = t+ T1(t, φ)ρ+ T2(t, φ)ρ2 + T3(t, φ)ρ3 +O(ρ4), (55)
r∗ = R1(t, φ)ρ+R2(t, φ)ρ2 +R3(t, φ)ρ3 +O(ρ4), (56)
φ∗ = φ+ Z1(t, φ)ρ+ Z2(t, φ)ρ2 + Z3(t, φ)ρ3 +O(ρ4). (57)
The functions Ti(t, φ), Ri(t, φ) and Zi(t, φ) (i = 1, 2, 3) can be worked out explicitly.
11 For the sake of
brevity, we report here only the leading orders
R1(t, φ) = `
2, (58)
R2(t, φ) = −e−2β0`4(∂φU0 + U0∂φϕ+ ∂tϕ), (59)
T1(t, φ) = `
2(1− e−2β0), (60)
T2(t, φ) = −e−4β0`4[e2β0∂φU0 + U0(∂φβ0 + e2β0∂φϕ) + ∂tβ0 + e2β0∂tϕ], (61)
Z1(t, φ) = −`2e−2β0U0, (62)
Z2(t, φ) =
1
2
`2[2e−2ϕ∂φβ0 − 2e−4β0`2U20∂φβ0 + e−4β0`2∂tU0 + e−4β0`2U0(∂φU0 − 2∂tβ0)]. (63)
Solution space matching
Using the diffeomorphism (55-57), the solution space of the Fefferman–Graham gauge (left-hand side) is
related to the solution space of the Bondi gauge (right-hand side) through
g
(0)
ab =
(
− e4β0
`2
+ e2ϕU20 −e2ϕU0
−e2ϕU0 e2ϕ
)
(64)
and
Ttt =
1
16piG`
e−4β0−2ϕ{4e8β0 [2(∂φβ0)2 − ∂φβ0∂φϕ+ ∂2φβ0] + e4β0+2ϕ[e2β0(M − 4NU0)
−`2((∂φU0)2 + U20 (−8∂φβ0∂φϕ+ (∂φϕ)2 + 4∂2φϕ) + (∂tϕ)2 + 2∂φU0(U0(−4∂φβ0 + 3∂φϕ) + ∂tϕ)
+2U0(2∂
2
φU0 + (−4∂φβ0 + ∂φϕ)∂tϕ+ 2∂t∂φϕ))] + e4ϕ`2U20 [e2β0M + `2((∂φU0)2
+U20 (−4∂φβ0∂φϕ+ (∂φϕ)2 + 2∂2φϕ) + 2∂φϕ∂tU0 + ∂tϕ(−4∂tβ0 + ∂tϕ) + 2∂φU0(2U0(−∂φβ0 + ∂φϕ)
−2∂tβ0 + ∂tϕ) + 2U0(∂2φU0 − 2∂φβ0∂tϕ+ ∂φϕ(−2∂tβ0 + ∂tϕ) + 2∂t∂φϕ) + 2(∂t∂φU0 + ∂2t ϕ))]},(65)
Ttφ =
1
16piG`
e−4β0{2e6β0N − 2e4β0`2[∂φU0(2∂φβ0 − ∂φϕ)− ∂2φU0 + U0(2∂φβ0∂φϕ− ∂2φϕ) + 2∂φβ0∂tϕ
−∂t∂φϕ] + e2ϕ`2U0[−e2β0M − `2((∂φU0)2 + U20 (−4∂φβ0∂φϕ+ (∂φϕ)2 + 2∂2φϕ)
+2∂φϕ∂tU0 + ∂tϕ(−4∂tβ0 + ∂tϕ) + 2∂φU0(2U0(−∂φβ0 + ∂φϕ)− 2∂tβ0 + ∂tϕ)
+2U0(∂
2
φU0 − 2∂φβ0∂tϕ+ ∂φϕ(−2∂tβ0 + ∂tϕ) + 2∂t∂φϕ) + 2(∂t∂φU0 + ∂2t ϕ))]}, (66)
11We report them in the attached Mathematica file Appendix.nb.
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Tφφ =
1
16piG`
e−4β0+2ϕ{e2β0`2M + `4[(∂φU0)2 + U20 (−4∂φβ0∂φϕ+ (∂φϕ)2 + 2∂2φϕ) + 2∂φϕ∂tU0
+∂tϕ(−4∂tβ0 + ∂tϕ) + 2∂φU0(2U0(−∂φβ0 + ∂φϕ)− 2∂tβ0 + ∂tϕ) + 2U0(∂2φU0 − 2∂φβ0∂tϕ
+∂φϕ(−2∂tβ0 + ∂tϕ) + 2∂t∂φϕ) + 2(∂t∂φU0 + ∂2t ϕ)]}. (67)
One can check on the right-hand-side expressions that the trace condition given by the first equation of
(8) is satisfied.
Taking U0 = 0, β0 = 0 and ϕ = ϕ¯ (three-dimensional analogue of the boundary gauge fixing of [38]),
Tab reduces to
Tab =
1
16piG`
(
M − `2(∂tϕ¯)2 2N + 2`2∂t∂φϕ¯
2N + 2`2∂t∂φϕ¯ e
2ϕ¯`2[M + `2((∂tϕ¯)
2 + 2∂2t ϕ¯)]
)
. (68)
It would be interesting to pursue the study of various boundary gauge-fixed energy–momentum tensors in
terms of Bondi data.
Residual gauge parameters matching
Using the diffeomorphism (55-57), the parameters of the residual gauge diffeomorphisms of the Fefferman–
Graham gauge (4) are related to those of the Bondi gauge (17–19) as12
ξt0 = f, (69)
ξφ0 = Y, (70)
σ = ∂φY − ω − U0∂φf + Y ∂φϕ+ f∂tϕ. (71)
3.2 From Bondi to Derivative Expansion
We would like now to set up an important result, which is the bridge between the Bondi gauge and the
derivative expansion. We firstly show that the Bondi solution space is actually embedded in that of the
derivative expansion, and then explicitly construct the diffeomorphism that enables us to pass from the
one to the other.
12The matching is obtained comparing the leading order of the transformed residual gauge diffeomorphisms only. To map
the full residual vector of one gauge to the full residual vector of the other, one needs to take into account the metric-fields
dependence of the diffeomorphism – see [100].
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Bondi gauge as a sub-gauge of the derivative expansion
For uφ = 0, which is the additional constraint needed for a definite gauge fixing in the derivative expansion,
the following identifications apply between the derivative-expansion and Bondi solution spaces:
uu = − 1
`2
e2β0 , (72)
g˜φφ = e
2ϕ, (73)
g˜uu = −e
4β0
`2
+ e2ϕU20 , (74)
g˜uφ = −e2ϕU0, (75)
χ =
1
4piG`
e−ϕN, (76)
ε =
1
8piG
(e−2β0M + 4e−2ϕ(∂φβ0)2). (77)
The Bondi gauge turns out to be equivalent to the derivative expansion, locked in a specific hydrodynamic
frame corresponding to uφ = 0. Different frames are encoded in different values of uφ, which is the extra
parameter present in the derivative expansion. The last two equations, (76) and (77) show that the heat
density χ is proportional to the angular momentum aspect N , while the fluid energy density ε is simply
related to the Bondi mass M .13
Coordinate transformation
We now match the Bondi gauge to the derivative expansion letting the fluid velocity free (i.e. uφ 6= 0).
Let us perform the following diffeomorphism from Bondi to derivative expansion:
uB = u+ T1[u, φ;uφ(u, φ)]r
−1 + T2[u, φ;uφ(u, φ)]r−2 + T3[u, φ;uφ(u, φ)]r−3 +O(r−4), (78)
r−1B = r
−1 +R2[u, φ;uφ(u, φ)]r−2 +R3[u, φ;uφ(u, φ)]r−3 +O(r−4), (79)
φB = φ+ Z1[u, φ;uφ(u, φ)]r
−1 + Z2[u, φ;uφ(u, φ)]r−2 + Z3[u, φ;uφ(u, φ)]r−3 +O(r−4), (80)
where (uB, rB, φB) are the Bondi coordinates and (u, r, φ) are the derivative expansion coordinates. Notice
that the functions of the diffeomorphisms depend on one parameter uφ(u, φ), and are all identically zero
when uφ = 0 since we are already in the Bondi gauge in this case. For the sake of completeness, we report
here the leading order of the diffeomorphisms,14 defining N =
√
1 + e−2ϕ`2u2φ (for uφ = 0, N = 1)
T1(u, φ) = −e−2β0`2 (N − 1) , (81)
Z1(u, φ) = −e−2(β0+ϕ)`2
(
e2β0uφ + e
2ϕU0(N − 1)
)
(82)
R2(u, φ) = − `
2
N e
−2(ϕ+β0)
(
2e2β0Nuφ∂φβ0 + e2β0N∂φuφ − e2β0Nuφ∂φϕ+ U0
(
`2uφ∂φuφ − (N − 1)e2ϕ∂φϕ
)
+∂φU0
(
`2u2φ − (N − 1)e2ϕ
)
+ `2uφ∂uuφ − e2ϕ∂uϕ(N − 1)
)
. (83)
13This property is generically valid in higher dimension. In three dimensions, this interpretation of the boundary-fluid data
was discussed in [57], in relation with the bulk surface charges.
14The subleading functions are in the Mathematica file Appendix.nb.
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Solution space matching
We are now ready to make the following identification between the solution space of the derivative expansion
(left-hand side) and of the Bondi gauge (right-hand side):
uu = −U0uφ − 1
`2
e2β0−ϕ
√
e2ϕ + `2u2φ, (84)
g˜φφ = e
2ϕ, (85)
g˜uu = − 1
`2
e4β0 + e2ϕU20 , (86)
g˜uφ = −e2ϕU0. (87)
The expressions of χ and  in terms of the Bondi solution space are lengthy and we do not write them
explicitly – they can be found in the attached Mathematica file Appendix.nb written explicitly in the
sub-case U0 = 0 = β0. The expressions of uu, g˜ab, χ and  in terms of the Bondi functions depend on the
parameter uφ(u, φ). They reduce to (72-77) when uφ = 0, as they should. As anticipated, the infinitesimal
form of (78-80) is generated by Hφ, the function introduced in section 2.3 as generator of residual gauge
diffeomorphism. This is consistent, since it is indeed Hφ that generates uφ.
Residual gauge parameters matching
The parameters of the residual gauge diffeomorphisms of the derivative expansion are related to those of
the Bondi gauge as
F = f, (88)
Y = Y, (89)
R = −∂φY + ω + U0∂φf − Y ∂φϕ− f∂uϕ, (90)
and Hφ has no equivalent in Bondi gauge, since it is associated with a shift of uφ, zero in the latter.
3.3 Derivative Expansion and Fefferman–Graham
Solution space matching
The solution space of Bondi gauge has been identified with the solution space of Fefferman–Graham gauge
and the solution space of derivative expansion. Therefore, this automatically leads to an identification
of the solution spaces between Fefferman–Graham (left-hand side) and derivative expansion (right-hand
side), without further computation:
g
(0)
ab = g˜ab, (91)
Tab =
`
2
(Tab +Dab), (92)
where Tab is the energy–momentum tensor (37) and Dab is given in (39).
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Recalling that the derivative expansion has six independent parameters while the Fefferman–Graham
gauge has only five, we see that the various degrees of freedom have been shuffled in moving from one gauge
to the other. The first equation matches the same number of pieces of data on both side, while the second
matches two pieces of data on the left (the tensor Tab is symmetric and traceless) with three pieces of data
on the right (ε, χ and the normalized velocity ua). We conclude that we have a redundant description of
the Fefferman–Graham data in terms of the fluid ones. To fix this redundancy one has to make a choice of
fluid frame, which is exactly what we did to recover the Bondi gauge. Another way to verify the validity
of equation (92) is to compute the holographic energy–momentum tensor of the derivative expansion using
the Balasubramanian–Kraus method, that we know gives exactly Tab in the Fefferman–Graham gauge.
This was done in [57].
Residual gauge parameters matching
The parameters of the residual gauge diffeomorphisms of the Fefferman–Graham gauge are related to those
of the derivative expansion as
ξt0 = F, (93)
ξφ0 = Y, (94)
σ = −R, (95)
and Hφ has no equivalent, as uφ does not appear in Fefferman–Graham gauge.
3.4 Holographic-Fluid Interpretation
As we have seen, for asymptotically locally three-dimensional AdS spacetimes, the Bondi gauge is reached
from the fluid/gravity side by setting uφ = 0 in the derivative expansion. The relativistic velocity vector
is then given by
ua∂a = e
−2β0 (∂u + U0∂φ) , (96)
whereas, as observed in (76) and (77), the heat density is proportional to the angular momentum aspect
and the fluid energy density is related to the Bondi mass. Regarding the Bondi parameter U0, setting it
to zero as it occasionally happens in the literature, amounts to describing a boundary fluid comoving with
the natural frame of {u, φ}.
We would like now to discuss more extensively the role of the velocity field. The redundancy of the fluid
velocity in relativistic hydrodynamics, revealed originally by Eckart in the thirties, was formally introduced
in [91], and more recently discussed in [92–95]. The argument is based on the simple fact that the energy
and mass flows are indistinguishable in relativistic systems. What matters is the energy–momentum tensor,
the conserved currents (if any) and the entropy current, which do not carry any intrinsic information on a
velocity field, and are therefore insensitive to it. The latter appears as an organizing artifice, which allows
the decomposition of vectors and tensors in longitudinal and transverse components.
More concretely, a change of hydrodynamic frame is a local Lorentz boost acting on the fluid velocity
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ua. In two dimensions, it is parametrized in the following way(
u′a
?u′a
)
=
(
coshψ sinhψ
sinhψ coshψ
)(
ua
?ua
)
, (97)
where ψ is any function of the boundary coordinates u and φ. Infinitesimally (the suffix L stands for
Lorentz)
δL
(
ua
?ua
)
= ψ
(
?ua
ua
)
, (98)
producing
δLΘ = ?u
a∂aψ + Θ
?ψ, δLΘ
? = ua∂aψ + Θψ. (99)
A change of hydrodynamic frame should leave the energy–momentum tensor invariant. Therefore (97)
should be accompanied by a change in the energy density ε and the heat current χ, see (37), so that the
total energy–momentum tensor, i.e. Tab +Dab is unchanged.15 In the same way we have decomposed the
tensor Tab into a energy density and a heat current (the trace being fixed by the geometry), we define the
total energy density ε˜ and the total heat current χ˜ in the following way – see [57]
Tab +Dab = 2`2ε˜uaub + ε˜g˜ab + τab + `2uaq˜b + `2ubq˜a, (100)
where q˜a = χ˜ ? ua and τab = `
2τ ? ua ? ub. The latter is unchanged since Dab is traceless. One can derive
the expressions of ε˜ and χ˜ in terms of ε and χ:
ε˜ = ε+
`2
8piG
(ua∂aΘ + ?u
a∂aΘ
?)− R˜
16piG
, (101)
χ˜ = χ− `
2
4piG
? ua∂aΘ. (102)
Under the transformation (98), the total energy–momentum tensor is left invariant if
δL
(
ε˜
χ˜
)
= −2ψ
(
χ˜
ε˜
)
− ψ
(
0
τ
)
, (103)
while δLτ = 0 because τ =
R˜
8piG . Applied to (101) and (102), the transformation rules (98), (99) and (103)
lead to the actual energy and heat-density variations. Finally, comparing the resulting transformations
with (52) and (53), one finds that they match when
ξa(0) = 0, R = 0 and Ha = −ψ ? ua. (104)
Imposing (104), the diffeomorphism (48) and (49) is a Lorentz boost on the boundary that leaves the total
energy–momentum tensor unchanged.
We would like finally to comment on the global aspects associated with the hydrodynamic-frame trans-
formations. Actually, a change of hydrodynamic frame is a local Lorentz boost, i.e. a gauge transformation,
and as such this invariance could possibly exhibit global drawbacks. Holography, as used here, provides
the appropriate tool for investigating them. This was part of the agenda of [57], and consists in computing
the bulk conserved charges and their associated algebras, and analyzing their sensitivity to the choice of
hydrodynamic frame on the boundary. The conclusion of [57] was unambiguous: AdS3 spacetimes dual to
15Notice that a change of hydrodynamic frame has no effect on the geometry on which the fluid lies, in other words, it does
not affect the boundary metric.
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fluids with or without heat current, but with identical energy–momentum tensor, have different conserved
charges, obeying different algebras. A similar property holds in the flat limit and will be discussed in
section 4.4. The open question is whether the bulk diffeomorphism that we have discussed in the present
section, associated with local Lorentz boosts on the boundary, is charged or not. The answer to this
question would make the above claim sharper.
4 Ricci-Flat Limit
In this section, we investigate the flat limit (` → ∞) of the results obtained in sections 2 and 3, i.e. the
gauge fixings, the solution spaces, the residual diffeomorphisms as well as the embedding of the Bondi
gauge into the derivative expansion. This limit is well-defined in the Bondi gauge and in the derivative
expansion, while the Fefferman–Graham gauge blows up due to the component gρρ =
`2
ρ2
. As we will explain
shortly, a subtle point is here the necessity of prescribing the large-` behavior for the data in the derivative
expansion before taking the limit.
4.1 Bondi Gauge
The definition of the Bondi gauge (13,14) and the associated off-shell residual gauge diffeomorphisms (17-
19) are valid irrespective of the value of `. In the following, we investigate the solution space and the
on-shell residual gauge diffeomorphism in the Ricci-flat case, i.e. for infinite `. This extends previous
analysis to generic boundary data, i.e. asymptotically locally flat spacetimes.
Solution space
In three dimensions, the full solution space in Bondi gauge for vanishing cosmological constant can be
readily obtained by taking the flat limit of the solution space obtained in section 2.2 for non-vanishing
cosmological constant. In practice, we take 1` → 0 in the equations. The equation Grr = 0 gives
β = β0(u, φ) (105)
Solving Grφ = 0 leads to
U = U0(u, φ) +
1
r
2e2β0e−2ϕ∂φβ0 − 1
r2
e2β0e−2ϕN(u, φ). (106)
Solving Gur = 0 gives
V
r
= −2r(∂uϕ+DφU0) +M(u, φ) + 1
r
4e2β0e−2ϕN∂φβ0 − 1
r2
e2β0e−2ϕN2, (107)
where DφU0 = ∂φU0 + ∂φϕU0. Taking into account the previous results, the Einstein equation Gφφ = 0 is
satisfied at all orders. Finally, we solve the Einstein equations giving the time evolution constraints on M
and N . The equation Guφ = 0 gives
(∂u + ∂uϕ)N =
(
1
2
∂φ + ∂φβ0
)
M − 2N∂φU0 − U0(∂φN +N∂φϕ)
+4e2β0e−2ϕ[2(∂φβ0)3 − (∂φϕ)(∂φβ0)2 + (∂φβ0)(∂2φβ0)], (108)
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whereas Guu = 0 results in
∂uM = (−2∂uϕ+ 2∂uβ0 − 2∂φU0 + U02∂φβ0 − U02∂φϕ− U0∂φ)M − 2e2β0e−2ϕ{∂φU0[8(∂φβ0)2 + (∂φϕ)2
−4∂φβ0∂φϕ+ 4∂2φβ0 − 2∂2φϕ]− ∂3φU0 + U0[∂φβ0(8∂2φβ0 − 2∂2φϕ) + 2∂3φβ0 − ∂3φϕ+ ∂φϕ(−2∂2φβ0
+∂2φϕ)] + 2∂u∂φβ0(4∂φβ0 − ∂φϕ) + ∂u∂φϕ(−2∂φβ0 + ∂φϕ) + 2∂u∂2φβ0 − ∂u∂2φϕ}. (109)
The solution space is thus characterized by five arbitrary functions of (u, φ), given by β0, U0, M , N , ϕ,
with two dynamical constraints given by the time evolution equations of M and N .
Variation of the solution space
By a similar procedure, the on-shell residual gauge diffeomorphisms and the variations of the solution space
are obtained by taking ` → ∞ in the expressions (25-27) and (28-32), respectively. The on-shell residual
gauge diffeomorphisms are given by
ξu = f, (110)
ξφ = Y − 1
r
∂φf e
2β0−2ϕ, (111)
ξr = −r[∂φY − ω − U0∂φf + Y ∂φϕ+ f∂uϕ]
+e2β0−2ϕ(∂2φf − ∂φf∂φϕ+ 4∂φf∂φβ0)−
1
r
e2β0−2ϕ∂φf N. (112)
Under these residual gauge diffeomorphisms, the unconstrained part of the solution space transforms as
δξϕ = ω, (113)
δξβ0 = (f∂u + Y ∂φ)β0 +
(
1
2
∂u − 1
2
∂uϕ+ U0∂φ
)
f − 1
2
(∂φY + Y ∂φϕ− ω), (114)
δξU0 = (f∂u + Y ∂φ − ∂φY )U0 − ∂uY + U0(∂uf + U0∂φf), (115)
while the constrained part transforms as
δξN = (f∂u + Y ∂φ + 2∂φY + f∂uϕ+ Y ∂φϕ− ω − 2U0∂φf)N +M∂φf − e2β0−2ϕ[3∂2φf(2∂φβ0 − ∂φϕ)
+∂φf(4(∂φβ0)
2 − 8∂φβ0∂φϕ+ 2(∂φϕ)2 + 2∂2φβ0 − ∂2φϕ) + ∂3φf ], (116)
δξM = (∂uf + f∂uϕ+ ∂φY + Y ∂φϕ− ω)M − 2e2β0−2ϕ
[
2∂2φf∂uβ0 + 4∂u∂φf∂φβ0 + ∂u∂
2
φf
+∂2φf∂φU0 + 8∂
2
φf∂φβ0U0 + ∂φf
(
(4∂φβ0 − ∂φϕ)(2∂uβ0 − ∂uϕ) + 4∂u∂φβ0 + ∂φU0(8∂φβ0 − 2∂φϕ)
−∂2φU0 − 2∂u∂φϕ+ U0(−4∂φβ0∂φϕ+ 8(∂φβ0)2 + 4∂2φβ0 + (∂φϕ)2 − 2∂2φϕ)
)
− 2∂2φfU0∂φϕ+ ∂3φfU0
−∂u∂φf∂φϕ− ∂2φf∂uϕ− 2f∂φβ0∂u∂φϕ+ 2∂φβ0∂φω − 2∂φβ0∂φY ∂φϕ− 2∂φβ0∂2φY − 2∂φβ0Y ∂2φϕ
]
+f∂uM + ∂φMY. (117)
We can impose an equivalent of the Brown–Henneaux boundary condition in flat space by asking
ϕ = 0, β0 = 0, U0 = 0. (118)
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The first one fixes ω to be zero, the second and third ones lead to two equations on f and Y
∂uf = ∂φY, ∂uY = 0. (119)
The solutions to these two equations describe the so-called BMS3 algebra. The asymptotic Killing is then
uniquely specified by a couple (f, Y ) belonging to BMS3.
4.2 Carrollian Fluid/Gravity Derivative Expansion
We study here the flat limit of the derivative expansion. Following [58], this is performed without calling
for a specific parametrization of the boundary geometry. The salient features of this analysis are (i)
the appearance of a two-dimensional boundary for asymptotically flat spacetimes, located at null infinity
and equipped with a Carrollian structure; (ii) the emergence of a Carrollian fluid, obeying Carrollian
hydrodynamics, and carrying the degrees of freedom dual to the flat bulk spacetime.
Flat limit of the bulk metric
The behavior of the various relativistic boundary tensors in the `→∞ limit is not universal. Nonetheless,
some properties are, such as the fact that the velocity is becoming null-like and the boundary metric
degenerates [57]. Inspired by the explicit results in this reference, and in line with [58],16 we set:
µa = lim
`→∞
`2ua, (120)
va = lim
`→∞
ua, (121)
va? = lim
`→∞
` ? ua, (122)
µ?a = lim
`→∞
` ? ua, (123)
α = lim
`→∞
`χ, (124)
 = lim
`→∞
ε. (125)
The boundary metric reads
g˜ab = `
2(−uaub + ?ua ? ub). (126)
Hence, we gather in the `→∞ limit
? µa ? µb = lim
`→∞
g˜ab. (127)
The flat limit leads therefore to a degenerate boundary metric. This is the well-known ultra-relativistic
limit, named Carrollian in [59], and emerging generally as the geometry of null hypersurfaces (here null
infinity) [61–72] (see also section 4.4). We can also define a density
D = lim
`→∞
`
√
−g˜ = |εabµaµ?b |, (128)
16In comparing with this reference, we should trade α for ζ (χpi in [57]) and Ξ for θ.
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which allows expressing the composed quantities
Ξ = lim
`→∞
Θ = ∂av
a + va∂a lnD, (129)
Ξ? = lim
`→∞
`Θ? = ∂av
a
? + v
a
?∂a lnD, (130)
and
Aa = lim
`→∞
Aa = µ
?
aΞ
? − µaΞ. (131)
From the functions (ua, g˜ab, ε, χ) parametrizing the derivative expansion in the asymptotically locally
AdS3 case, where u
a is normalized as uag˜abu
b = − 1
`2
, and ε and χ satisfy time evolution equations, we
get the following set of functions in the Ricci-flat limit: (µa, v
a, va? , µ
?
a, α, ). Let us now determine the
constrains between these objects, induced from AdS. Firstly, defining the tensors
Dab = Dεab, Dab = −D−1εab, (132)
the duality relations give
` ? ua = `ηabu
b −−−→
`→∞
µ?a = Dabvb, (133)
` ? ua = `ηabub −−−→
`→∞
va? = Dabµb, (134)
`2ua = `
2ηab ? u
b −−−→
`→∞
µa = Dabvb?, (135)
ua = ηab ? ub −−−→
`→∞
va = Dabµ?b . (136)
Out of eight equations, we have four independent constraints. This can be seen imposing for instance
va? = Dabµb and va = Dabµ?b . These four equations automatically imply the other four.
We now show that every other constraint arising in the limit does not imply new independent equations.
First, projecting the previous expressions on the vectors va, va? and the forms µa, µ
?
a, we obtain:
µ?av
a = 0, µ?av
a
? = v
a
?Dabvb = 1, (137)
µav
a
? = 0, µ
?
av
a
? = µ
?
aDabµb = 1, (138)
µav
a
? = 0, µav
a = vaDabvb? = −1, (139)
µ?av
a = 0, µav
a = µaDabµ?b = −1. (140)
The normalization of ua and its different equivalent avatars AdS lead to
g˜abu
aub = − 1
`2
−−−→
`→∞
µ?av
a = 0, (141)
`2g˜abuaub = −1 −−−→
`→∞
µav
a = −1, (142)
`2g˜ab ? ua ? ub = 1 −−−→
`→∞
µ?av
a
? = 1, (143)
g˜ab ? ua ? ub =
1
`2
−−−→
`→∞
µ?av
a = 0, (144)
and
`g˜abu
a ? ub = 0 −−−→
`→∞
(µ?av
a)(µ?bv
b
?) = 0, (145)
`g˜abua ? ub = 0 −−−→
`→∞
(µav
a)(µ?bv
b) = 0. (146)
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Moreover, the relations between the vectors and their co-vectors yield
ua = g˜abu
b −−−→
`→∞
µ?av
a = 0, (147)
ua = g˜abub −−−→
`→∞
µav
a = −1, (148)
` ? ua = `g˜ab ? u
b −−−→
`→∞
µ?av
a
? = 1, (149)
1
`
? ua =
1
`
g˜ab ? ub −−−→
`→∞
µ?av
a = 0. (150)
These equations are indeed all consequences of (133-136), leading to no further constraints. Notice that,
using the dual relations, we have
Ξ = Dcd∂cµ?d, Ξ? = Dcd∂cµd. (151)
In summary, we have 10 functions in (µa, v
a, va? , µ
?
a, α, ), with 4 independent constraints, which makes a
total of 6 independent functions. There is some freedom to decide which functions we keep free and which
functions we fix through the constraints. We propose an interesting choice of parametrization inspired by
the solution space in AdS, that makes the interpretation easier in the flat limit. We choose as free data
(µa, µ
?
a, α, ) . It is straightforward to see that this is actually a minimum choice of functions to re-construct
the other functions (va, va?) through v
a = Dabµ?b and va? = Dabµb, and to satisfy the remaining constraints.
As discussed in section 4.3, this specific parametrization is well-adapted to relate the derivative expansion
with the Bondi gauge.
Under the above assumptions of behavior in `, the derivative expansion (35) admits a well-defined flat
limit. We obtain
ds2Flat = lim
`→∞
ds2AdS = 2µadx
a(dr + rAbdxb) + r2µ?aµ?bdxadxb + 8piGµa (µb + αµ?b) dxadxb. (152)
Furthermore, the limit `→∞ of (40-41) gives the Ricci-flat Einstein equations for the metric (152)
(va∂a + 2Ξ)− 1
4piG
(va?∂a + 2Ξ
?)(va?∂aΞ− va∂aΞ?) = 0, (153)
(va?∂a + 2Ξ
?)+ (va∂a + 2Ξ)α = 0. (154)
The bulk metric and the conservation equations follow a similar motive compared to anti de Sitter with
(ε, χ, ua, ?ua) traded for (, α, µa, µ
?
a). As already mentioned, in the original AdS case, the bulk was locally
AdS3, the two-dimensional boundary pseudo-Riemannian, and the evolution equations were relativistic. In
the case at hand, the bulk is three-dimensional locally Minkowski, whereas the boundary and the evolution
equations are Carrollian.
On-shell residual gauge diffeomorphisms
We follow the same procedure as in the AdS case in order to determine the residual gauge diffeomorphisms
of the Ricci flat derivative expansion (152). We start from the following ansatz:
ξa = ξa(0) +
1
r
ξa(1), ξ
r = rR+ V +
1
r
W, (155)
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where ξa(0) = (F,Y), ξa(1) = (L,Z), R, V and W are functions of xa. As for anti de Sitter, the form of these
vectors is motivated by the expression of the residual gauge diffeomorphisms in Bondi gauge (110-112) and
the gauge matching that will be established in section 4.3. The condition Lξgrr = 0 leads to
µaξ
a
(1) = 0 ⇐⇒ L = −
µφ
µu
Z. (156)
Now, let us consider the variations
δξµa = ha, δξµ
?
a = h
?
a, (157)
where we introduced the parameters ha and h
?
a as functions of x
a. These functions are not all independent.
Indeed, Lξgab|order r2 = δξ(µ?aµ?b) gives
h?a = Lξ(0)µ?a +Rµ?a. (158)
From δξµa = Lξgra|order 1, we get the two equations
(Lξ(0)µa +Rµa − ha)Dabµ?b = 0, (159)
(Lξ(0)µa − ha)Dabµb − ξa(1)µ?a = 0. (160)
Using (156), the second equation (160) leads to
ξa(1) = [(Lξ(0)µb − hb)Dbcµc]va? . (161)
The first relation (159) allows us to derive17
δξ lnD = Lξ(0) lnD + 2R, (162)
from which one can choose to express one parameter in terms of the other. We decide to express hu as
hu =
µ?uhφ
µ?φ
+
D
µ?φ
(
R+ Lξ(0) lnD − va?Lξ(0)µ?a
)
. (163)
We then require Lξgra|order 1/r2 = 0 and find
W = −4piGαξa(1)µ?a, (164)
while Lξgra|order 1/r = Lξ(1)µa − µaξb(1)µ?bΞ? = 0 does not give further constraint. We turn our attention to
the equations Lξgab|order r = δξ(µaAb + µbAa), which read
δξ(µaAb+µbAa) = Lξ(0)(µaAb+µbAa)+Lξ(1)(µ?aµ?b)+R(µaAb+µbAa)+2V µ?aµ?b +∂aRµb+∂bRµa. (165)
Noticing that vaAa = Ξ and va?Aa = Ξ?, imposing (159) and projecting (165) on va and va? , we gather18
va?v
b
? (165) ⇔ V = −∂aξa(1) − ξa(1)∂a lnD (166)
vavb? (165) ⇔ vb?δξAb = vb?∂b(va(Lξ(0)µa − ha))− vb∂b(va?(Lξ(0)µa − ha)) + vb?Lξ(0)Ab (167)
vavb (165) ⇔ vbδξAb = va∂a(vb(Lξ(0)µb − hb)) + vbLξ(0)Ab. (168)
The first equation constraints V , whereas, using the explicit expression for Aa, (131), one can show
that (167) and (168) are identities, which therefore do not infer additional constraints. There are two
17The function D is a density, therefore its Lie derivative has an additional divergence term: Lξ(0) lnD = ξa(0)∂a lnD+∂aξa(0).
18We use identities like vavb? − vbva? = Dab, va?µ?b − vaµb = δab , µaµ?b − µbµ?a = Dab and dDab = Dabd lnD.
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other sets of equations we need to solve, namely Lξgab|order 1 = δξ(8piGµaµb + 4piGα(µaµ?b + µbµ?a))
and Lξgab|order 1/r = 0. The latter gives two equations: one is automatically satisfied and the other is
proportional to (154), thus also satisfied on-shell. The former encodes two independent equations, which
give the variations of  and α, as outlined in the next section.
Putting everything together, the family of residual gauge diffeomorphisms considered in (155) is explic-
itly given by
ξa = ξa(0) +
1
r
ξa(1), (169)
ξr = rR− (∂a + ∂a lnD)ξa(1) −
4
r
piGαξa(1)µ
?
a, (170)
where ξa(1) is written in (161). These diffeomorphisms are parametrized by four arbitrary functions of (u, φ)
given by ξa(0) = (F,Y), R and hφ. Notice that there is an additional parameter hφ compared to the residual
gauge diffeomorphisms of the Bondi gauge (110-112). In particular, as discussed in section 4.3, we can at
any moment set consistently µφ = 0 and hφ = 0, and obtain the Bondi residual gauge diffeomorphisms.
An alternative way to obtain (169-170) is to take directly the flat limit on the residual gauge diffeomor-
phisms (48-49) of the derivative expansion in AdS, with the appropriate falloffs in ` on the parameters:
ξa(0),Flat = lim
`→∞
ξa(0),AdS, (171)
RFlat = lim
`→∞
RAdS, (172)
hφ = lim
`→∞
`2Hφ. (173)
Doing so, we get exactly (169-170) in the flat limit.
Variation of the solution space
Under infinitesimal diffeomorphisms generated by (169-170), the first part of the solution space transforms
as
δξµ
?
a = Lξ(0)µ?a +Rµ?a (174)
δξµa = ha, (175)
with hu given by (163). By analogy with the anti-de Sitter situation, this is consistent with the fact that
µφ will be the additional parameter that the derivative expansion possesses compared to the Bondi gauge;
it is the Ricci-flat equivalent of the parameter uφ. In section 4.4, the parameter µa (or equivalently v
a
?)
will be interpreted as the velocity of an ultra-relativistic fluid. The second part of the solutions space
transforms as
δξα = −2αR+ Lξ(0)α+ 2ξa(1)µ?a +
1
4piG
(
va?Lξ(1)Aa − Ξ?vaLξ(1)µa + V Ξ? + vb?∂bV
)
, (176)
δξ = −2R+ Lξ(0)−
1
4piG
(
vaLξ(1)Aa − ΞvaLξ(1)µa + V Ξ + vb∂bV
)
. (177)
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4.3 Gauge Matching
The Bondi gauge for locally flat spacetimes can be seen as a sub-gauge of the flat derivative expansion.
We give here the dictionary relating the solution spaces and the parameters of the residual gauge diffeo-
morphisms.
Bondi gauge, derivative expansion and solution spaces matching
Imposing µφ = 0 in the Ricci-Flat derivative expansion (152), we are precisely in the Bondi gauge. The
two solution spaces are then identified as19
µu = −e2β0 , (178)
µ?u = e
ϕU0, (179)
µ?φ = −eϕ (180)
α =
1
4piG
e−ϕN, (181)
 =
1
8piG
(e−2β0M + 4e−2ϕ(∂φβ0)2). (182)
Again, the Carrollian-fluid heat and energy densities are simply related to the angular momentum aspect
and the Bondi mass.
As for anti de Sitter, we could go one step further by considering the diffeomorphism that maps the
Bondi gauge to the derivarive expansion with arbitrary parameter µφ. In particular, the flat limit of the
diffeomorphism considered in (78-78) would map the Bondi gauge to the derivative expansion with arbitrary
µφ. As discussed above, the formula describing the solution space matchings through the diffeomorphism
are lengthy and not illuminating.
Residual gauge parameters matching
The parameters of the residual gauge diffeomorphisms of the Ricci-flat derivative expansion are related to
those of the Bondi gauge as
F = f, (183)
Y = Y, (184)
R = −∂φY + ω + U0∂φf − Y ∂φϕ− f∂uϕ, (185)
and hφ has no equivalent in Bondi gauge, since it is associated to shifts of µφ.
19In the computations above, we assumed D = |abµaµ?b | = abµaµ?b , i.e. abµaµ?b being positive. This fixes the relative signs
and ambiguity in the comparison with the Bondi gauge.
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4.4 The Holographic Fluid Dual to Ricci-Flat Spacetimes
We would like to make some further comments regarding the boundary structure that emerges in the flat
limit of the derivative expansion. We recall that in the AdS case, the bulk geometry described by the line
element (35) is holographically dual to a relativistic fluid. The latter is caracterised by its energy density
ε, its heat current χ,20 its velocity ua and the boundary metric of the pseudo-Riemannian spacetime on
which the fluid flows. The dynamics of the fluid is then captured by the conservation of the corresponding
energy–momentum tensor (37).
What happens on the boundary when the flat limit is taken in the bulk, has been discussed from several
perspectives, all converging towards the emergence of Carrollian geometry and Carrollian hydrodynamics.
This has led to the study of Carrollian fluids precisely in this spirit [73], and to their use for unravelling
flat holography from the fluid/gravity side [56–58]. Let us review how the logic goes, in the present
three-dimensional paradigm.
In locally flat spacetimes, as those found in the present work, we also have a set of boundary data, µa,
µ?a, α and , and they also satisfy conservation equations (154). Remember that the boundary metric of
AdS has the following behavior in the flat limit:
g˜ab = `
2(−uaub + ?ua ? ub) →
`→∞
µ?aµ
?
b ≡ hab. (186)
This metric possesses a kernel generated by the vector field va:
µ?av
a = 0. (187)
From the bulk side this is the signature that the boundary becomes null and that the induced metric is
degenerate. Physically, this is an ultra-relativistic limit with `−1 playing the role of the boundary velocity
of light: the zero-c limit (` → ∞) of a relativistic metric possesses a degenerate direction that coincides
with the time. The right geometrical structure that emerges and replaces the pseudo-Riemannian metric
is called a Carroll manifold – see e.g. [61] for a rigorous mathematical definition. It is formulated in terms
of a degenerate metric, here hab, and a vector field that belongs to the kernel of the metric, here v
a.
Regarding the physical degrees of freedom and their description, we follow the paradigm of ordinary
non-relativistic fluids. Those emerge in the Galilean limit of relativistic fluids, when c→∞. In the same
manner, one can define Carrollian fluids that flow on Carroll manifolds and obey suitable conservation
equations. In [73], the authors give a comprehensive description of Carrollian fluids and of their dynamics
inherited from a controlled ultra-relativistic limit (see also [57] for the specific description of the two-
dimensional case and [101] for an application to near-horizon physics).
In the situation at hand, the Carrollian fluid is characterized by its energy density , its Carrollian
equivalent of the the heat current α, its velocity va? and it flows on a Carroll manifold (hab, v
a). The
conservation equations satisfied by this fluid cannot be written as the conservation of an energy–momentum
tensor, simply because there is no canonical Levi–Civita connection associated with a Carroll manifold. A
consistent way to obtain them is what we have done here, i.e. write explicitly the relativistic fluid equations
(40-41) and compute their ultra-relativistic limit, which on the boundary is equivalent to a ` → ∞ limit.
20We recall that the heat current is transverse to the fluid velocity, therefore in two dimensions, thanks to Hodge duality
and without loss of generality, we can describe the heat current in terms of a scalar χ.
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We recall the result
(va∂a + 2Ξ)− 1
4piG
(va?∂a + 2Ξ
?)(va?∂aΞ− va∂aΞ?) = 0, (188)
(va?∂a + 2Ξ
?)+ (va∂a + 2Ξ)α = 0, (189)
where Ξ and Ξ? are simply first derivatives of µ?a and v
a
? . The lesson to be learned here is that, in three
bulk dimensions, there is a non-trivial flat-space limit of fluid/gravity correspondence, and the dual to an
asymptotically flat spacetime is a Carrollian fluid. Things go the same way in higher dimensions (see [56]
for a study of the four-dimensional case).
It is remarkable that the notion of hydrodynamic frame, persists for Carrollian fluids. In the relativistic
case we could use a local Lorentz boost to implement a field redefinition that leaves the fluid energy–
momentum tensor invariant (therefore also its equations of motion). A similar transformation exists for
Carrollian fluids, now carried by a local Carrollian boost. The latter is reached by demanding the parameter
ψ in the Lorentz boost (97) to scale as λ` . Taking the ` → ∞ limit in the transformation law (98) of ua
and ?ua, we obtain (the suffix C stands for Carroll):
δCµa = λµ
?
a, δCµ
?
a = 0, δCv
a = 0, δCv
a
? = λv
a, (190)
resulting in
δCΞ = 0, δCΞ
? = va∂aλ+ Ξλ. (191)
Using the scaling ψ = λ` , one can compute the infinite-` limit of equation (103), and deduce transformations
for  and α. The result coincides exactly with (177) for
ξa(0) = 0, R = 0 and hav
a
? = −λ. (192)
This shows that (190) is the ultra-relativistic version of a change of hydrodynamic frame. Finally, as
explained previously, the solution space of the flat Bondi gauge is included in the flat derivative expansion,
therefore it is also dual to a Carrollian fluid whose data are given in the dictionary (178) to (182). As for
anti de Sitter, the corresponding Carrollian fluid is in a particular fluid frame: the fluid velocity satisfies
vu? = 0, which can be reached by acting on the derivative expansion with a finite realization of a Carrollian
boost.
5 Conclusions
We revisited in this presentation three-dimensional asymptotically locally AdS spacetimes with emphasis
on the Fefferman–Graham and Bondi gauges, as well as on the fluid/gravity correspondence derivative
expansion. In every instance, we described the solution space, derived the residual gauge diffeomorphisms
and their action on the solution space. In particular, we showed that the solution spaces of the Fefferman–
Graham and Bondi gauges are parametrized by five functions with two constrained time evolutions, while
the solution space of the derivative expansion is parametrized by six functions with two constrained time
evolutions. Furthermore, the residual gauge diffeomorphisms of the Fefferman–Graham and Bondi gauges
are parametrized by three functions, while those of the derivative expansion are parametrized by four
functions. We then showed how the gauges at hand are related to each other. The Bondi gauge can be
embedded in the derivative expansion and corresponds to a particular choice of fluid frame (uφ = 0) from
the point of view of the dual theory in the fluid/gravity correspondence. The additional parameter in the
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solution space of the derivative expansion is interpreted as the component uφ of the fluid velocity, while the
variations of the latter are generated by the additional parameter Hφ in the residual gauge diffeomorphisms,
δξuφ = Hφ.
Investigating the flat limit of the various items discussed within Bondi or fluid/gravity approaches was
also part of our agenda. While taking the flat limit in the Bondi gauge is straightforward, we saw that
this process was more involved in the derivative expansion and required additional input regarding the
1/` behavior. We showed that the flat limit of the anti-de Sitter bulk derivative expansion gives a Ricci-
flat version of it (a Carrollian-fluid/flat-gravity derivative expansion or Ricci-flat derivative expansion for
short), along the lines of [57,58]. The Bondi gauge in asymptotically locally flat spacetime turns out to be a
sub-gauge of the Ricci-flat derivative expansion (µφ = 0). Hence it inherits the corresponding holographic
interpretation, as dual to a Carrollian fluid in a specific Carrollian-fluid frame.
The methods gathered in this review enjoy a promising outlook. A natural step forward is the study of
the phase space of the various gauges, both for anti de Sitter and for Minkowski. This would enlighten the
gauge-fixing procedure in the study of asymptotic symmetries [40]. The algebras of the complete sets or
residual diffeomorphisms unveiled here have been worked out in [58], but the computation of the charges
has been performed only partially in [57], for specific corners of the solution space. From this angle, the
role played by the extra parameter in the residual diffeomorphisms of the derivative expansion, i.e. the
parameter that controls the boundary local boosts (Lorentzian or Carrollian), remains to be clarified. In
particular, whether this parameter generates an improper gauge transformation, eliminated when the gauge
fixing is complete, is a relevant question, discussed in a more general context in [13,15].
Generalizing our achievements in higher dimensions is ambitious and worth pursuing. A preliminary
analysis of this line reveals that the Bondi gauge is intersecting with that of the fluid/gravity correspon-
dence. This problem is more challenging than in three dimensions, where one gauge was embedded in the
other, and its investigation looks appealing.
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